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Abstract. Let G = (V,E) be a graph with [V| = p and |E| = g. A total
labeling A : VUE — {1,2,...,p+q} is a bijection. The weight A* : VUE — N
is a function induced by A such that 1*(v) = A(v) + ¥, A(vx) and A*(e) =
A(u) +A(v) + A(e), where e = uv. If A*(v) is a constant for all v € V, then G
is called vertex-magic. If 1*(e) is a constant for all e € E, then G is said to be
edge magic. If G is both vertex magic and edge magic, G is called a totally magic
graph. In this paper, we define path magic graphs and prove that any star graph is
path magic. We also prove that totally magic graphs are path magic, but not the
converse.
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1 Introduction

Magic labelings have been studied by many authors, for example, vertex magic labeling
by Daisy Cunningham [4] and MacDougall [9] and edge magic labeling by Baskaro [1].
An account of various types of magic labelings can be found in [7].

Let G = (V,E) be a graph with |V| = p and |E| = ¢. A total labeling A : VUE —
{1,2,...,p+q} is a bijection. The weight A* : VUE — N is a function induced by 4
such that A*(v) = A(v) + ¥, A(vx) and 17 (e) = A(u) + A(v) + A(e), where e = uv.
If A*(v) is a constant for all v € V, then G is called vertex-magic. If A*(e) is a constant
for all e € E, then G is said to be edge magic. If G is both vertex magic and edge magic,

G is called a totally magic graph.

Definition 1.1. Let A be a total labeling of a graph G = (V,E) with v vertices and e
edges. The weight of a path P, is defined as the sum of the weight of all the vertices
and edges in the path and is denoted by wt; (P,). If the weight of all the n-vertex paths
P, is a constant for some n (n > 2), then G is called P,-magic. If G is P,-magic for all

n > 2, then G is said to be path magic and A is called a path magic labeling of G.

In [6], Exoo has defined totally magic graphs and has proved in Corollary 6.1 that
the only totally magic star is Kj . In Section 2, we prove that any star K , is path
magic. In [2], Combe has studied A-magic labeling where the labels are the elements
of a finite abelian group of order p 4 ¢. He has proved in Theorem 14 that any star with
more than four rays has vertex magic A-labelings and edge magic A-labelings for all
choices of abelian groups A of appropriate order. In Section 3, we prove that any star
K , is path magic over any cyclic group of order 2n + 1. For terminology and symbols,

we refer to [8].
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2 Main results

Theorem 2.1. A star graph K, , (n > 1) is path magic.

Proof. Let u be the central vertex and u; (1 <i < n) be the pendant vertices. Define
A:VUE —{1,2,...,2n+ 1} by

Similarly, for 1 <i<n, wty (u;) =2n+ 3 and wt) (uu;) = 2n+4.

For any 2-path P, (u;u),
wiy, (P (uin)) = wip (u;) + wiy (uu) +wty, (u)
=(2n+3)+(2n+4)+ {1 + %n(n—I— 1)}
= constant.
For any 3-path P (u;uu;),
wty (P3(uiuuj)) = wty (u;) +wity (wiu) +wty (u) +wty (uuj) +wty (i)
=2(2n+3)+2(2n+4)+ {1 + %n(n + 1)}
= constant.

Therefore K ,, is path magic. ]
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Theorem 2.2. Any totally magic graph is path magic.

Proof. Let A be a totally magic labeling of G with vertex constant and edge constant A
and k respectively. For any n-path P, in G, wt; (P,) = nh+ (n— 1)k = constant.

Here G is path magic. ]

Remark 2.3. The converse of the above theorem is not true. For example, K ,, (n > 3)

is path magic, but not totally magic as in Corollary 6.1 in [6].
Theorem 2.4. A P,-magic labeling of G which is also vertex magic is totally magic.

Proof. Let A be both P,-magic and vertex magic with vertex constant /.
Since A is P,-magic, for any edge uv in G, wty (P(uv)) = k, a constant.
That is, wty (u) +wty (uv) +wty (v) = k.
wty (uv) = k — 2h, a constant.

Therefore A is edge magic and hence totally magic. ]

Corollary 2.5. A vertex magic labeling o f G is P,-magic if and only if it is totally

magic.
Proof. Follows from Theorems 2.4 and 2.2. ]

In [4], Daisy Cunningham has proved that every cycle C,, admits a vertex magic

total labeling. In view of this, we have the following

Theorem 2.6. If A is a vertex magic total labeling of C, (n > 3), then A cannot be

P>-magic.

Proof. Suppose A is P>-magic, then by Theorem 2.4, A is totally magic, which is not

possible as in Theorem 5.2 in [6]. ]
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The existence of a vertex magic total labeling of C, leads to the existence of an edge

magic total labeling of C,, as seen below.

Theorem 2.7. Every vertex magic total labeling of C,, gives rise to an edge magic total

labeling of C,, and vice versa.

Proof. Let A be a vertex magic total labeling of C,, : ujus .. .u,u; with vertex constant
h.

Define A’ : VUE — {1,2,...,2n} by

A(w) =A(uj—qu;),2<i<n+1

A'(uiuiv1) = A(u;), 1 <i < n with the convention that u, | = u;.
th/(uiu,url) = l/(ui) + l/(uiuiH) + l'(uiH)
= A(ui—ui) + A(ui) + A (uivjs1)
:th(u,’):h, 1<i<n.
That is, A’ is edge magic. O
The proof of the converse part is similar.

Theorem 2.8. Let A be a Po-magic labeling of G which is also edge magic. Then G

cannot be an odd cycle C, (n > 3).

Proof. Suppose G = Cypyi-1, m > 2.

Let Cy 41 be the cycle uyuy - - - upy 1111 . Since A is Po-magic, wty (Py(ujuy)) = wty (P (upu3)),
which implies wt; (u1) = wty (u3), since A is edge magic. Similarly considering the

paths P> (upu3) and Po(u3ug); Pr(u3us) and P (uaus); . . .5 Po(upm—1uzm) and Po(upmtom+1);

P> (uzmtzm+1) and Ps(uppi1ur), we get,

wty, (u1) = Wiy, (uz) = =Wy (uzm) = wty, (u2m+1).
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That is, Cy,+1 1s vertex magic and hence totally magic, which is a contradiction ac-
cording to Corollary 5.2 in [6].

Hence the theorem. ]
Theorem 2.9. The tree B,, , is P4-magic.

Proof.

Let V(Bmn) ={u,vu;,vj:1<i<m,1<j<n}.

Then E(Bmy) = {uuj,vvjuv:1<i<m,1<j<n}

Define A : VUE — {1,2,...,2m+2n+3} by

Auwy)) =i, 1<i<m

Awj)=m+j, 1<j<n

Avj))=m+2n+1—j, 1<j<n

Alw))=2m+2n+1—i, 1<i<m
)

Alu)=2m+2n+1, A(uv)=2m+2n+2, A(v)=2m+2n+3.

Clearly, A is a bijection.

It can be found that

m(m+1)
2 )
n(n+1)
2 )
wty (u;) =2m+2n+1 1<i<m

wty (u) =4m+4n+3+

wty (v) =4m+4n+5+mn+

wty(vj) =2m+2n+1 1<j<n

wty (uu;)) =4m+4n+2 1<i<m



P. Annammal, T. Nicholas and A. Lourdusamy 79

wty(wj) =4m+4n+4 1< j<n

wty (uv) = 6m+6n+6
Any 4-path P4 in B, , is of the form uuvv;, 1 <i<m,1 < j<nand

wiy (Py) = Wty () + Wity (wiu) + +wty () +wiy (uv) +wity (v) +wiy (vw;) +wiy (v;)

= constant.

Hence By, ,, is P4-magic. [l

3 Labeling over a finite abelian group

In [2], Combe has defined total A-labeling of a graph G = (V, E) with p vertices and ¢
edges as a bijection A : VUE — A, where A is an abelian group of order p + g.

Definition 3.1. Let G be a graph with p vertices and q edges and A be an abelian group
of order p+ q. A total A-labeling of A of G is said to be P,-magic (n > 2) if for any
n-path P, in G, wty (P,) is a constant. If A is P,-magic for all n > 2, then A is called a

path magic labeling of G over A and G is said to be path magic over A.
Theorem 3.2. The star graph K ,, is path magic over Zp, 1.

Proof. Let V(K ,) = {u,u;: 1 <i<n}. Then E(K;,) = {uu; : 1 <i<n}.
Define A : VUE — Z,.1 by

Au)=0;, A(u)=i, 1<i<n

Alun;)) =2n+1—i, 1<i<n
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Clearly A is a bijection.

n n

wt, (1) :A(u)+;/1(uu,-) (mod 2n+1) = ;(Zn—l—l—i) (mod 2n+1)

—Y i (mod2n+1)
i=1

=r (mod2n+1) where I’E—Zi (mod 2n+1)

i=1
For 1 <i<n, wty(4;) =0 (mod 2n+ 1) and wty (ux;) =0 (mod 2n+ 1). It can be

easily verified that

wty (P (uu)) =r (mod 2n+1) and wty (P3(wuu;))=r (mod 2n+1).
Hence K ,, is path magic over Zy,, . ]
Corollary 3.3. K , is path magic over any finite cyclic group of order 2n+ 1.

Proof. Since any finite cyclic group of order 2n4-1 is isomorphic to Z,,, 1, the corollary

follows. L

In [3], Combe has defined translation of an A-labeling A by a € A and negative of
an A-labeling of G.

Let A be a total A-labeling of G = (V,E) and a € A. The translationa+A : VUE —
A defined by (a+A)x=a+A(x) forx e VUE and —A : VUE — A, the negative of A
is defined by (—A)x = —A(x) forx € VUE.

Theorem 3.4. Let G = (V,E) be a finite graph with p vertices and q edges. Let A be
an abelian group of order p+ q. Let A be a total A-labeling of G and a € A. Then (i)
a—+ A is path magic if and only if A is path magic (ii) —A is path magic if and only if A

is path magic.
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Proof. (i)a+A:VUE — Ais defined by (a+A)x=a+A(x),x € VUE. Let P, be
the path uju; - - - u,, where n > 2 is arbitrary.

n n—1
Wtgyp (Pn) = ; Wig g () + ; Wigyp (Uittir 1)
n—1
[wty (i) +a(d(u;) +1)] + ; [ty (uiniy1) + 3a]

I
agE

~.
—_

n—1
wty (u;) + Z wty (ujuir1) +a(2n—2)+na+3(n—1)a
i=1

wty (B,) + (6n—5)a

I

~
—_

Thus, wt, » (P,) is a constant if and only if wty (P,) is a constant.

That is, a+ A is P,-magic if and only if A is P,-magic.
(ii)) —A : VUE — A is defined by (—A)x = —A(x),x e VUE. wt_, (P,) = —wty (P,)
for any n > 2.

Hence wt_, (P,) is a constant if and only if wt, (B,) is a constant.

That is, —A is P,-magic if and only if A is P,-magic. Since n > 2 is arbitrary, the

theorem follows. L]

Example 3.5. Fig. 3.1 is an Zy-labeling A of K| 4 defined in Theorem 3.2. Fig. 3.2
exhibits the Zg-labeling given by 8 + A.

(751 U
0 1

Figure 3.1: Figure 3.2:
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Example 3.6. Fig. 3.3 is an Z;-labeling A of K| 3 defined in Theorem 3.2. Fig. 3.4

exhibits the Z;-labeling given by —A.

0 0
6 5 4 1 3
1 3 6 5 s
Figure 3.3: Figure 3.4:
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